ABSTRACT. Let Nq be the number of solutions to the equation
INTRODUCTION
Let F q be a finite field of characteristic p with q = p s elements, F * q = F q \ {0}. For p > 2, let η denote the quadratic character on F q (η(x) = +1, −1, 0 according as x is a square, a nonsquare or zero in F q ). We consider an equation of the type (a 1 x m 1 1 + · · · + a n x mn n ) k = bx
where a 1 , . . . , a n , b ∈ F * q , k, k 1 , . . . , k n , m 1 , . . . , m n are positive integers, and n 2. By N q denote the number of solutions (x 1 , . . . , x n ) ∈ F n q to (1) . Let k 0 = gcd(k, 
Carlitz [8] studied the case k 1 = · · · = k n = m 1 = · · · = m n = 1, k = 2, p > 2. He proved that in this case
In another paper [7] , Carlitz treated the case
In a series of papers (see [1, 2, 3, 4] and references therein) we considered (1) with k 1 = · · · = k n = 1 and obtained some generalizations of Carlitz's evaluations. Our results cover the following cases: (a) m 1 = · · · = m n = 1, d = 1 or 2 or 3 or 4 or 6 or 8;
(g) a 1 = · · · = a n = 1, dD = 1 or 2 or dD > 2 and −1 is a power of p modulo dD.
The case of arbitrary k 1 , . . . , k n was recently considered in [11] . By using the augmented degree matrix and Gauss sums, the authors established the following: if
For a simple combinatorial proof of this latter result, see [5] . The goal of this chapter is to find the explicit formulas for N q in some other cases. Our main results are Theorems 1-4 in Sections 4 and 5. The results of numerical experiments are presented in Section 6.
PRELIMINARY LEMMAS
Let ψ be a multiplicative character on F q (we extend ψ to all of F q by setting ψ(0) = 1 if ψ is trivial and ψ(0) = 0 if ψ is nontrivial). Define the sum T (ψ) corresponding to the character ψ as
Let N q (0) and N * q (0) be the number of solutions to the corresponding diagonal equation
in F n q and (F * q ) n , respectively. The following lemma relates N q to N q (0), N * q (0) and T (ψ).
where the summation is taken over all multiplicative characters ψ on F q of order not dividing k 0 .
Proof. Let N * q be the number of solutions to (1) in (F * q ) n . Note that the set of solutions to (1) in F n q \ (F * q ) n is the same as the set of solutions to (2) 
If b is not a k 0 th power in F q , it is easy to see that N * q = 0, and so
where the summation is taken over all multiplicative characters ψ on F q . Hence
Substituting this expression into (3), we deduce the desired result.
Our next lemma shows that T (ψ) vanishes when ψ d = ε.
Lemma 2. Let ψ be a multiplicative character of order
Proof. It is analogous to that of [2, Lemma 3.2].
Combining Lemmas 1 and 2, we obtain
where the summation is taken over all multiplicative characters ψ on F q of order dividing d but not k 0 . a t+1 ) , . . . , η(a n ))q j−1 if t < n,
FORMULAS FOR THE NUMBER OF SOLUTIONS TO DIAGONAL EQUATIONS
where σ 2j (z 1 , . . . , z n−t ) are the elementary symmetric polynomials.
Proof. See Theorem 2 in [9] , Theorem 2 in [14] and the proof of Theorem 3 in [1] .
For positive integers v 1 , . . . , v r let I(v 1 
and
Proof. See Lemma 4.1 and the proof of Theorem 1.1 in [2] .
It is known (see [12, Proposition 6 .17]) that
Therefore we have the following corollary (the first part of this corollary is due to Wolfmann [16, Corollary 4]).
Corollary 2. Assume that
d 1 = · · · = d n = D
. Under the conditions of Lemma 4, we have
In the general case a t+1 ) , . . . , η(a n ))q j−1 .
Theorem 2.
Assume that a 1 = · · · = a n = 1, b is not a k 0 th power in F q , D > 2 and there exists a positive integer ℓ such that D | (p ℓ + 1), with ℓ chosen minimal. Then 2ℓ | s and
In particular, if
If b is a k 0 th power in F q , then, in general, one needs to evaluate the sums T (ψ). However, if
that is, if k 0 = d, then Corollary 1 yields
Combining the latter equality with Lemmas 3 and 4 and Corollary 2, we deduce the following theorems.
n /2 are pairwise coprime, 0 ≤ t ≤ n, and b is a k 0 th power in F q . Assume in addition that (4) holds. If t = 0 and n is even, then 
NUMERICAL RESULTS
Our theoretical results are supported by numerical experiments. Some numerical results are listed in Tables 1 and 2 . q n (a 1 , . . . , a n ) (m 1 , . . . , m n ) (k 1 , . . . , k n ) k k 0 N q 37 6 (1, 1, 1, 2, 2, 2) (1, 2, 2, 2, 4, 6) (9, 9, 9, 9, 9, 18) 9 9 539998021 47 5
( In a similar manner, making use of our recent results on diagonal equations of the form x 2 m 1 + · · · + x 2 m n = 0 [6], we are able to determine N q explicitly when d 1 = · · · = d n = 2 m and p ≡ ±3 (mod 8). Although this is straightforward in principle, the resulting formulas are quite cumbersome and for this reason are omitted here.
